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Additional File 1. Survival formulas 

To estimate survival to time 𝑡 nonparametrically, we used the Nelson-Aalen survival estimator: 

𝑆̂(𝑡) = exp[−Â(𝑡)], 

where Â(𝑡) is the cumulative hazard, Â(𝑡) = ∑ 𝑑𝑗/𝑛𝑗𝑡𝑗≤𝑡
 and 𝑑𝑗 is the number of events and 𝑛𝑗  

the number of individuals at risk just prior to time 𝑡𝑗 (12). 

 

We used three parametric survival estimators. The form of the 3-parameter generalized gamma 

survival function is given below: 

𝑆(𝑡) =

{
 
 

 
 if 𝜆 > 0             1 − Γ [𝜆−2(𝑒−𝛽𝑡)

𝜆
𝜎; 𝜆−2]

if 𝜆 < 0         Γ [𝜆−2(𝑒−𝛽𝑡)
𝜆
𝜎; 𝜆−2]            

, 

where Γ(𝑡; 𝛾) = ∫ 𝑢𝛾−1𝑒−𝑢𝑑𝑢/Γ(𝛾)
𝑡

0
 is the distribution function for a gamma distribution (i.e., 

the incomplete gamma function), and Γ(𝛾) = ∫ 𝑢𝛾−1𝑒−𝑢𝑑𝑢
∞

0
 is the complete gamma function 

(13). The generalized gamma’s three parameters govern the model’s location (𝛽 > 0), scale 

(𝜎 > 0), and shape (𝜆 > 0). 

 

The 2-parameter Weibull survival function takes the form: 

𝑆(𝑡) = exp [−𝜆𝑡𝛾], 

where 𝜆 is the scale parameter and 𝛾 the shape parameter. Note, that the 𝜆 here differs from 

the one above, but we have switched parameterization to align with convention. The Weibull 

model can be considered a special case of the generalized gamma that occurs when 𝜆 = 1 

(using the different parameterization from the generalized gamma above). 

 

Finally, the 1-parameter exponential survival formula takes the form:  

𝑆(𝑡) = exp [−𝜆𝑡], 

where 𝜆 is the scale parameter (14). It is easy to see that this is simply the Weibull model where 

one assumes the shape parameter is equal to one. 

 

For all three models, we used survival to obtain the risk: 𝑅(𝑡) = 1 − 𝑆(𝑡). 
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