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Additional file 1: Calculation of the CUSUM score

Preliminaries and notation

- Zr and Zd are gamma distributed frailties for revision and mortality
in the competing risks model with proportional hazards;

- It is assumed that EZr � EZd � 1, VarZr � σ2r , VarZd � σ2d, and
CorrpZr, Zdq � ρ. The dependence between Zr and Zd is constructed
through

Zr �
m0

mr
Y0 � Yr,

Zd �
m0

md
Y0 � Yd,

where Yj are independent gamma distributed random variables, Yj �
Gplj ,mjq, j � 0, r, d, with l0 � ρ{σrσd, lj � 1{σ�2

j � l0, mj � 1{σ2j ,
j � r, d, m0 � mr, 0 ¤ ρ ¤ minpσr{σd, σd{σrq;

- Conditional bivariate survival function is given by

Sptr, td|ur,ud, Zr, Zdq

� expp�ZrχpurqHrptrq � ZdχpudqHdptdqq;

- Cause-specific cumulative function and the marginal survival function
for latent time-to-failure tf and the vector of covariates uf , f � r, d,
are given by

Hf ptq �

» t
0
µ0,f pτqdτ,

Sf pt|uf q �p1� σ2fe
β�ufHf ptqq

�1{σ2
f .

- Throughout, symbol “h” denotes a hypothesis, symbol “i” a patient,
“j” a particular unit, and J is a number of units.

- Baseline hazard function for hypothesis Hh, h � 0, 1, is given by rela-
tion µh0,f ptq � HRh

fµ0,f ptq, f � r, d.

- We define a cause-specific hazard ratio under hypothesis h, Hf ph, tf ,uf q �
HRf exppβfuf qHf ptf q, H̃jf,h � 1�σ2f

°
iPIjpT q

Hf ph, tjif ,ujif q, H̃j0,h �

H̃jr,h � H̃jd,h � 1.
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- For a time interval T , let IjpT q be a set of individuals from unit j whose
implants are in use during the period T , and I � IpT q �

�
IjpT q.

-
�
n
k

�
� n!{pn� kq!k! is a binomial coefficient and paqn � Γpa� nq{Γpaq

is a Pohhammer’s symbol.

- The numbers of revisions and deaths in a unit j during interval T
are denoted by OIjr, OIjd, respectively, and the totals are given by
OIr �

°
j OIjr and OId �

°
j OIjd.

Calculation of the score XIpT q in the general case of competing
risks

The contribution Lhj pT q of the period T to the likelihood is equal to

Lhj pT q � E
¹

iPIjpT q

Lhptjir, tjid|ujir,ujid, Zjr, Zjdq

� E
¹

iPIjpT q

�
�

B

Btjir


δjir �
�

B

Btjid


δjid
Shptjir, tjid|ujir,ujid, Zjr, Zjdq

� p�1qOIjrp�1qOIjdH̃�lr
jr,hH̃

�ld
jd,hH̃

�l0
j0,hHR

OIjr
r HR

OIjd

d

� pσ2r q
OIjrpσ2dq

OIjd
¹

iPIjpT q

eδjirβjirujireδjidβjidujidµ0,rptjirq
δjirµ0,dptjidq

δjid

�

OIjŗ

ir�0

OIjḑ

id�0

�
OIjr
ir


�
OIjd
id



plrqirpldqidpl0qOIjr�OIjd�ir�idH̃

�ir
jr,hH̃

�id
jd,hH̃

ir�id�OIjr�OIjd

j0,h .

The score XIpT q for period T is given by

XIpT q �
J̧

j�1

log

�
L1
j pT q

L0
j pT q

�
(1)

The case of independent competing risks

If revision and death are independent events (ρ � 0) then l0 � 0, pl0qk � 0
for k ¡ 0, and

Lhj pT q �E
¹

iPIjpT q

�
�

B

Btjir


δjir
Shr ptjir|ujir, Zjrq

�E
¹

iPIjpT q

�
�

B

Btjid


δjid
Shd ptjid|ujid, Zjdq � LhjrpT qLhjdpT q,
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where

Lhjf pT q �p�1qOIjf H̃
�lf�OIjf

jf,h HR
OIjf

f pσ2f q
njf plf qnjf

¹
iPIjpT q

eδjifβjifujifµ0,f ptjif q
δjif

for f � r, d. Formula (1) can be rewritten as

XIpT q �
J̧

j�1

log

�
L1
j,rpT q

L0
j,rpT q

�
�

J̧

j�1

log

�
L1
j,dpT q

L0
j,dpT q

�
� XI,rpT q �XI,dpT q,

where

XI,f �
J̧

j�1

log

�
L1
j,f pT q

L0
j,f pT q

�
�

J̧

j�1

log

�
�HROIjf

f H̃
�lf�OIjf

jf,1

H̃
�lf�njf

jf,0

�



� logpHRf q
J̧

j�1

OIjf �
J̧

j�1

logpσ�2
f �OIjf q

�
H̃jf,1

H̃jf,0

�

� OIf logpHRq�

J̧

j�1

pσ�2
f �OIjf q log

�
�1� σ2fHRf

°
iPIjpT q

eβ
�

f ujif pHf ptj2if � tj0if q �Hf ptj1if � tj0if qqq

1� σ2f
°
iPIjpT q

eβ
�

f ujif pHf ptj2if � tj0if q �Hf ptj1if � tj0if qqq

�



� OIf logpHRf q�

J̧

j�1

pσ�2
f �OIjf q log

�
�1� σ2fHRf

°
iPIjpT q

eβ
�

f ujifλ
�kf
f pptj2if � tj0if q

kf � ptj1if � tj0if q
kf q

1� σ2f
°
iPIjpT q

eβ
�

f ujifλ
�kf
f pptj2if � tj0if q

kf � ptj1if � tj0if q
kf q

�



and ptj1if , tj2if q is an intersection of the interval T with the life time of the
prosthesis i implanted at tj0f (or with the life time of the respective patient
if f � d).

Remark. If the shape parameter kf depends on covariates in the form of
kf puf q � exppβ�kfuf qkf , substitute kf puf q for kf in the above derivation to
obtain

XI,f pT q � OIf logpHRf q �
J̧

j�1

pσ�2
f �OIjf q

� log

�
�1� σ2fHRf

°
iPIjpT q

eβ
�

f ujifλ�kf pujif qpptj2if � tj0if q
kf pujif q � ptj1if � tj0if q

kf pujif qq

1� σ2f
°
iPIjpT q

eβ
�

f ujifλ
�kf pujif q
f pptj2if � tj0if q

kf pujif q � ptj1if � tj0if q
kf pujif qq

�

.

The full score XIpT q is an additive function of the partial scores and expres-
sion for XI,f pT q depends only on HRf and does not depend on the hazard
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ratio for the competing cause of failure. That is, if we are interested only in
the changes of HRr, we can carry out the CUSUM analysis based only on
the values of XI,rpT q.


