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The impact of iterative removal of low-information cluster-period cells from a

stepped wedge design
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A The general variance expression for incomplete designs

We re-state the following general model for a cross-sectional longitudinal cluster randomised trial
with a continuous outcome Yjj; for subject ¢ = 1,...,m in time period j = 1,...,7T in cluster
k=1,...,K as in Kasza and Forbes [1]:

Yigi = 4 Bj + Xi0 + vij + €njis - Ve ~ N, (0, Vag),  €rji ~ N (0,07)

where T} is the number of measurement periods in cluster k, and T is the total number of periods

in the complete design.

Collapsing the above model to cluster-period means, Y; = = 37" Vi, gives
_ o2
Yij = p+ B + Xii0 + vj + €k v ~ N1 (0, Vi), € ~ N (0> T;)

Letting Y, = (Ykl, o ,YkT)T, and using V, to denote the covariance matrix of Yy, cov(Yk) =

_ _ _N\T
Vi + %?I = V}, where Vi has dimension T} x T;. Letting Y = (Y?...,Y};) , then the
variance matrix V of Y is block-diagonal with each of the Vs along the diagonal, yielding a
(Zszl Tk) X (Zszl Tk) -dimensional matrix.

Re-parameterising p and the time effects as 1, ..., S and writing the equation in vector form
gives
B
. B!
Y =27 : + : + €
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0 TK
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The usual estimate of the parameter vector n = (54, .. ., S, H)T is then given by 1) = (ZTV*Z) z'v-ly

—1
with covariance matrix cov(7) = (ZTV_1Z) . The design matrix Z can be written as

7. X,

Zo Xo
Z:

Zrx Xx

where Zj, has dimension Ty x T, and X has dimension T} x 1.

We are interested in obtaining an expression for the variance of the treatment effect estimator,



var (), the (T + 1) x (T + 1)th entry of (Z”V~'Z)~1. Then
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Note: The Zj, Vi, and X matrices may have different dimensions across the K clusters due

to incompleteness, but these matrices will be conformable for a particular cluster k.

The (T'+1) x (T + 1)th entry of (ZTV_1Z)_1 is given by (A22 — AglAfllAlg)_l. We can then

write:

K K T
var(f) = {Z XI'viix, — <Z Z{V,;lxk>
k=1 k=1
K -1 /K -1
X (Z z{v;lzk> <Z z{v;lxk> } :
k=1 k=1

B The information content of pairs of cells for incomplete

designs

In this section we extend the derivation of the information content of a general number of cells for
a complete design in Web Appendix B.1 of Kasza and Forbes (2019) to obtain an expression for
the information content of centrosymmetric pairs of cells of a potentially incomplete design. This
design has T periods and cluster k, k = 1,..., K, has T} periods of measurements.

The information content expression follows from the expression for var(é)[o], which represents
the variance of the treatment effect estimator for the remaining cells once a pair of cells, denoted
by o, are removed. We will work with a rearrangement of the cell means Y where the observations
corresponding to the omitted pair of cells appear first, in cluster order, followed by the observations

corresponding to the included cells (grouped by cluster).



Then the covariance matrix of Y can be decomposed as

vV VvV, W
w7 Vi

where V, is of dimension 2 x 2, V|, is of dimension (Zéil T — 2) X (Zle Ty — 2), and W

is of dimension 2 x (Zszl T — 2). Since the omitted and included cell means are organised by
cluster, V, has a block diagonal structure, with blocks given by V,,, , where my is the number of
cells omitted from each cluster k, and V,,, is either the variance of the omitted cell or covariance
matrix of the omitted pair of cells from cluster k. Note that since we are considering removing
two cells at a time, my will be 0 if no cells are removed from cluster k, 1 if a single cell is removed,
or 2 if the pair of cells belongs to cluster k. The matrix V|, also has a block diagonal structure,
with blocks V,,,): the covariance matrix of the included cells of cluster k. The matrix W can be

decomposed as

Cn,
W = :
C'HLK
where each C,,,, k =1,..., K, is of dimension my, x (22{:1 T — 2), and contains the covariances

between the omitted observation(s) in cluster k and all included observations. Due to independence
between clusters, the only non-zero entries of C,;,,, will correspond to covariances between omitted
and included observations in the same cluster: C,,, will contain T}, — mj non-zero columns. We
denote those non-zero columns as Cii.
The inverse of the covariance matrix, V™!, is then given by
1 -1
(V WV[O]le) . (VO — WV[;]le) inl

1 —
~V W (V,, — WV[—O]lWT) \CRATLM (VO — WV[;]lWT) WV

vi=
ol

The design matrix Z can be decomposed as

- ( ZO >
Z)

where Z, is the 2 x (T + 1) sub-matrix of Z corresponding to the omitted cells, and Z, is the
(TK — 2) x (T 4+ 1) sub-matrix of Z corresponding to the included cells.

Standard matrix algebra gives

7'V 2 =25V 2 + (ZOT z,vi, 1WT) (V ~WV, ]1WT) (ZOT zL v, 1WT>T

so that

2LV 2 =27V Z Z,D7'Z.

where Z, = Z; — Z{; Vi /W' and D =V, WV[O]1WT

Thus var(é)[o] is given by the (T'+ 1) x (T + 1)** entry of

(z[{”,]v[—o]lz[o])_1 - (va—lz - ZOD_IZZ)_l

Since V,, and V[, are block diagonal matrices, the matrix D will have the form:



c#)V C?“’T 0

0 coo Vi — C#OV R ojav

mig [771,(]

where again Cffli contains only the non-zero columns of C,,,. We can write the matrix Z, as

where T,y,, is of dimension T xmy, (or my, column(s) vector of length T') and represents the modified
time effect(s) in cluster k and X,,, is of dimension 1 x my, and represents the treatment indicator
for the omitted cell in cluster k. Since a pair of cells is being omitted, ZkK:l my = 2. Therefore,
Z, will be of dimension (T + 1) x 2.

Then ZOD*ZZ can be written as

- 1T ~ ~T
St Ton (Vi C?“’V[mk]c#”) T, Sy Ty (Vi — G20V, CO) X,

- 1T ~ ~T
Sy X (Vi = CZOVL L CZO) T, S8 X, (Vi C?”V[mk]cyé”) X,

Then, recalling the expression for VAR VAR / given in Section A, an expression for z'v-1z —
Z,D'ZT is available, and standard matrix algebra shows that the (T +1) x (T + 1)th entry of
(Z"V'Z — Z,D'Z, )~ is given by (Bay — Boy B! BL) ', where

~ T
Bgo = Z XV X, - Z KXoy (Vin = CLOV L CIT) X,
k=1 k=1
K T K ) =
By = (Z zfv;lxk> = X (Vi —CLIV, CLO)TIT,,
k=1 k=1

K K
Tyy—1 T 0 0T\—1 T
Bll == Z Zk: Vk Zk; - Z ka mg Cﬁ‘é [mk]CZka ) TT?Lk .

Suppose that the pair of centrosymmetric cells belongs to clusters s and s’. These cells could

either be in the same or in different clusters, and hence the expression (V,,, C"éO V[mk]C#)T)

can be written in one of the following two ways:

(1) Centrosymmetric pair belonging to different clusters

If the pair of centrosymmetric cells belongs to different clusters (s # s'), then my; = mgy = 1 and
we can make the following simplifications: The terms V,,, = V., = a, where a is a scalar and
represents the variance of each of the omitted cluster-period cells, and ka is also a scalar, which
we will denote by Z,y,, . The terms C;’éOV[m ]Cfng CZfLOI 71 Cffboj‘r = b, where b is a scalar. So,
(Vin, — CﬁgV[:iS]CigT)_l = (a—b)"" = f, where f is a scalar. Furthermore, the summations
in the second terms of each of Bas, Bsy, and By; can be simplified to sums of terms with cluster

indices s and s’ only.



T
K
By = (Z Ziv, 1Xk> —f (ﬂ?mﬁi +Zm,, Ti)

~ ~ . . ~T - ~T .
where g = f <x2 . ergn‘,) is a scalar, h = f (xmsTmS +me,Tm.,> is 1 x T vector, and L =

m

f (Tm’i‘i + ’i‘ms,'i‘i.,) is a T' x T matrix.

Bss can also be written as below by recalling the expression for var(6) given in Section A:

1 K K T /K -1 /K
=Y "XI'v. 'x, - (Z z{vklxk> (Z z{vklzk> (Z zkalxk>
=1

var(f) 1 k=1 k=1

1 K T /K -1 /K K
= ——+ (Z z{vklxk> (Z z{vklzk> (Z zkalxk> =Y XIVi'X,
k=1 k=1 k=1

var(0) k=1

1 K T /K -1 K K
= p + <Z z{vglxk> (Z zfv,;lzk> (Z z{v,;lxk> —g=> X{V;'X;—g

var(0) k=1 k=1 k=1 k=1

Letting vary,(¢#) be the variance of the treatment effect estimator for the included cells where

the original design may be an incomplete design,
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vare) (0)

K -1 K
1 1 _ _
— = <§ zkvklxk> <§ z{vklzk> <§ z{vklxk>—g

vare) (0) var(@)

= Byy — By B! B,

k=1 k=1 k=1
K K -1k
- (Z Z£V;1Xk> - (Z ZIV, 7, — L) (Z ZIV Xy — hT>
k=1 k=1
1 1
— = —+C
varp)(0)  var(0)
1 1+ var(é) x C
vary) (é) var(é)

Therefore, the information content of the centrosymmetric pair of cluster-period cells denoted by

o is given by

U(IT[O]

_ (
16(e) = var(é

0) 1
) B 1+ var(d) x C

where

K T /K -1 /K
C= (Zz{vk,lxk> (Zz{vklzk> (Zz;{vklxk> —g

k=1 k=1 k=1
K T K -1, K
_ <Z z{v,;lxk> —h (Z ZIV 7y — L) (Z ZIV X, — hT> .
k=1 k=1 k=1

(2) Centrosymmetric pair belonging to the same cluster:

If the pair of centrosymmetric cells belongs to the same cluster (s = s’), then m, = 2 and we can
make the following simplifications: The terms V,,, is a 2 x 2 matrix and represents the covariance
of the omitted pair of cells from cluster k, and X,,, is a 1 x 2-dimensional vector, which we will
denote by X;n,. The term C70 V! C7°7 is a 2 x 2 matrix. So, (mG -cz'v [”Lk]C#JT) g

F, where F is a 2 x 2 matrix.

[mg]

Furthermore, the summations in the second terms of each of Bgy, Bo1, and By can be simplified

to terms with cluster index s only.
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n= (imsFifls) is a scalar , p = (imkF’i‘QJ isalxT vector , and Q = (kaFTik) is a
T x T matrix.

Bss can also be written as below by recalling the expression for var(6) given in Section A:

1 K K T /K -1 /K
=Y X{V.'X; - (Z z{vklxk> (Z Z{Vklzk> (Z z{vklxk>
k=1

var(6) k=1 k=1 k=1

1 K T /K -1 /K K
= é+<ZZ£Vk1Xk> (Zz{vklzk> <Zz£vklxk>Zvaklxk

var(6) k=1 k=1 k=1 k=1

1 K T K -1 /K
= é+(ZZ£V;1Xk) (ZZ?V;%) (ZZ{V;%>—H

k=1 k=1

K
=Y X{V.'Xp—n

Letting vary, () be the variance of the treatment effect estimator for observed cells where the

original design may be an incomplete design,



1
————— = Byy — By B;' B},
var) (9)

1 1 K T /K -1/ Kk
= vl + (Z Z{V,;lxk> (Z z{v,;lzk> (Z Z{V,;lxk> -n
k=1 o= k=1
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var) (é) var(é)

Therefore, the information content of the centrosymmetric pair of cluster-period cells denoted by

o is given by

G _ 1
var () 1+ var(f) x C*

’UCL’I‘[O]

IC(o0) =

where

K T /K -1k
o= (Savin) (Savim) (Lavis) -

k=1 k=1 k=1
K T K -1 /K
- (Z ZfV;1Xk> -p (Z Zi Vi 2 Q) (Z Z Vi Xy pT>
k=1 k=1 k=1



C Plots of the information content for the larger designs

More subjects (50) and larger ICC (0.05

(@) ) () (@
. o imclie] « [fofid] B omclie] <[] e [ ] o
. o e ey N - e e oy SN P ey o oy
Uiy [ p———— o ———— e ——— =R
§ § § §
B o] oo | (o] Eo o] o o | e B o] o e e ]
2 2 2 2
61,0085 |1.0007 [1.0007 [1.0075 |1.0286 1.0218 |1.0028 | 1.0008 | D g 100es 10007 |1 10222 1.0029 | 1.0008 O g | 10085 10007 [1.0008 |1.0076 | 10296 1.0222 |1.0029 |1.0008 o
| EEpTnET A o -~
12 3 4 5 7 8 5 10 12 3 4 5 6 7 8 9 10 12 3 4 5 6 7 8 3 10
Period Period Period
() U] @
.
.

Sequence
Sequence
>

Sequence

Sequence

Sequence
Sequence
>

Sequence

Sequence

Sequence
Sequence
Sequence




Sequence
@ »
Sequence
@ »
Sequence
@ »
Sequence
LRRC I

]

L]
L]
-
»

Sequence

Sequence
-

Sequence
Sequence
-

e

L]
L]
»
»

Sequence

Sequence
-

Sequence
Sequence
-

]
b

L]

L]
L]
>
»

Sequence

Sequence
-

Sequence
Sequence
-

e}

Sequence
e »
Sequence
e »
Sequence
e »
Sequence
e @ =

=
o

L]
L]
>
>

Sequence

Sequence
Sequence
-

Sequence

=

5 6
Period

Figure C1: Information content of the cells in progressively reduced designs, with 50 subjects
per cell, assuming a discrete-time decay model with intracluster correlation of 0.05, and cluster
autocorrelation of 0.95. The black color indicates that no information content can be calculated
for the centrosymmetric cell pair.

10



Small number

of subjects (10) and small ICC (0.01

(@) (b) (©) (d)
1 [romes 102031040 | 10052 [ 1000|1000 | 10056 1+ [rooes 10231 oot [10us 1000 10231 oot [10us 10005 02031014 1 052
2 [1000 [rons 10208 1008210017 10001 [ 1003 2 [100e frovs 1020810081017 0001 [ 10037 106 10155 102081062 | 1.017 0001 [ 10037 10001 10154 102001 022
3 [roote 1000 10228 1000110018 3+ [roore 1000 10228 027610121003 000t [ 10010 10014 10082 10224 1001410091 10234 027 1025
g4 1z 1019 scoss w7 10w g 4|01 L T e L rorms
§ § §
35 1 11.0237 [1.0099 [1.0022 | 1 35 1.0022 (1.0099 |1.0237 11,0237 [1.0099 |1.0022 35 |1.0237 11.0237
E E E3
g g g
'nn' 1.0006 |1.0007 | 1.0063 |1.0179 0049 |1.0002 wl 1.0007 |1.0007 |1.0063 (1.0179 0048 (1.0002 | L4 |1.0179.
7 |1oote roner 10235 | 1009 [ 10014 7| voots ooot |1 10238 | 1009 10014 7 10224 10052 10014 7 10236 | 1091 10016
8 [vooss 10001 | 10017 |.00ss | n02ss 1otes | 1006 8 [voosr 1001 10017 |.00es | o2ss 1otss | 1006 8 [voosr 10001 10017 0083 | .02os o155 100¢ s ro1st 1008t
9 [100se |10 1005 10052 10140 [ oaea oo 9 [voose roocs 1 | o0 5 |1oose roose |1 | s | 1oz
s s e s ) o - ) o ) ) ) T
(e)
1 from 102031040 | 10052 [ 1000|1007 | 10056
2 [roose 10156 1020010062 10016 | 100
3+ [1o0te [1o0s1 10204 o277 1015 1003|100t
g% 10052 10162 e e S
§ §
S5 8 10237 | 0088 10022 g 10107
E E
LINES ) ) o ] e &
7 oot 10226 10091 | 10016
8 |1 15t 100t
9 [v00se 1007 | 1005 10052 | 1014 [ oaea 1ot
i 2 3 4 5 & 7 8 85 10 i 2 3 4 5 & 7 8 35 10 i 2 3 4 5 & 7 8 9 1
Period Period Period
[0 (0] (k)
1 10108 1020810151 10052 1005 1+ fooss 1020710151 10052 o7
2 10052 10165 10208 1008210019 | 1003 2 [1oner 1oss 10208 1008210019 | 10051
3 1010610258 1017 10107 10268 i
Pos 1005 10174 1016 | 1007 g% 10055 10174 1016 | 1007
3
§ §
S5 1202610107 10238 10238 | 10107 10026 S5 1002310107 10238 10238 10107 10028
E E
H H
P 1.007 | 1.018 1.0174 1.0055 a 1.007 | 1018 10174 1.0055
7 oo |1 1052 1oroe . 0254 10107
o

Sequence
e »

Sequence
@ »

12 3

Period

Sequence
@ »

@4 @4
8 8
§ §
Ss Ss
5 5
@ @
B @
7 7
s s
o s
12 3 4 5 8 7 8 9 10 12 3 4 5 8 7 8 3 10 12 3 4 5 8 7 8 3 10
Period Period Period

11



s s a 3
g4 g4 a4 a4
8 8 8 8
2 g g g
S5 3s 35 s
g Fa Fa Fa
g g g g
& & a a

]

2

3 3 3 3
a4 a4 a4 84
8 8 8 8
g 2 2 2
35 35 S5 Ss
z z k3 3
g g H H
@ ] ] ]

]
e
b

L]
L]
»
»

Sequence

Sequence
-

Sequence
-

Sequence
v
° 3

L]

L]
L]
>
»

Sequence

Sequence
-

Sequence
-

Sequence

e}
b ]
o

L]

L -

L]
L]
>
>

Sequence

Sequence
-

Sequence
-

Sequence

=
o

+ + + +
8 8 8 8
2 2 2 2
S5 35 S5 35
z z z &
g g g g
n, n, n,. n,.
7 7 7 7
8 8 8 8
o o s s
12 5 6 8 5 10 12 3 4 5 6 8 5 10 12 3 4 78 9 10
Period Period Period

Figure C2: Information content of the cells in progressively reduced designs, with 10 subjects
per cell, assuming a discrete-time decay model with intracluster correlation of 0.01, and cluster
autocorrelation of 0.95. The black color indicates that no information content can be calculated
for the centrosymmetric cell pair.
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