
Additional File 1 – Backwards Bifurcation

To determine if bistability can occur, we analyze our model at the bifurcation point,R0 = 1, to deter-
mine the size of the ratioρ = RNN

RCC
must be in order for a backwards bifurcation to occur.

To analyze our model, we can disregarddSN

dt
because the population remains constant. So we re-write

dIN
dt

, dSC

dt
, and dIC

dt
in terms ofIN , SC , IC andT . We defineY to be the vector(IN , SC , IC). We take

the Jacobian ofY , H(Y ).
We then find the eigenvectors of the matrixH(Y ) at equilibrium (when Y=0. The eigenvectors de-
termine whether or not a backwards bifurcation will occur atR0 = 1. This is determined by the
sign of the dominant eigenvectors of the Jacobian matrix [41]. The dominant right eigenvector, which
gives the direction of the initial spread of the disease, isV = [1, γNC

τN−γNN−γNC+α
, 0] and the dominant

left eigenvector which gives the contribution of each infected group to the overall spread is given by
W = [1, 0, τC

τN−γNN−γNC+γC
].

To determine the criterionρ∗, which gives the amountRCC needs to be larger thanRNN in order for a
backward bifurcation to occur, we look at the Jacobian matrix, H perturbed just a little from 0. Dushoff
[41] showed that a backward bifurcation will occur if and only if

ρ∗ = W ·Hε(0)V > 0 (1)

For our model, we calculatedρ∗ to be:

ρ∗ = 1 +
α+ µ

γNC

(2)

We take 1

α+µ
to be the length of immunity (L), 1

γNN+γNC
to be the duration of infection (D), and

γNC

γNN+γNC
. We find that whenR0 = 1, bistability will occur when:

ρ∗ = 1 +
D

πL
(3)


