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Abstract

This file contains three sections of discussions to supplement the main text. The first section has a brief
introduction to matrix and vector notation for those unfamiliar to such notation. (Use of this notation
allows a concise representation of the system of differential equations used by this report.) The second
section gives the full set of differential equation system for the model, and gives the values or the range
of values of the parameters used. The third section argues why it is plausible that host antibodies to
the immature gametocytes would reduce the overall mature gametocyte-days to a greater degree that
antibodies directly against the mature gametocytes.

A Note on Vector and Matrix Notation

Vector and matrix notation came from linear algebra, which is concerned with solving linear systems of
equations:

N
ZAm-xj = b;, where 1<i<N, and 1<j<N. (1)
j=1

Here the A and b factors are known quantities, and the x are unknowns to be determined. This report is
not directly concerned about such systems of equations, and in fact, the systems of ordinary differential
equations used for this report are highly non-linear in the population variables since the populations
of parasite and host cells interact with each other. (For those interested in solving systems of equation
such as 1, there are many outstanding textbooks on linear algebra. The book by Press, Teukolsky, et al.
referenced in the main text gives details on numerical algorithms which solve linear algebraic systems as
well as additional references.) Nonetheless, vector and matrix notation allows the theoretical population
biology equations of dynamics to be represented in a compact, concise manner.

An N x M matrix A is defined as a rectangular array of numbers with N rows and M columns. The
component at the intersection of row i and column j is labeled as A; ;. Matrix addition and multiplication
are defined as follows: if two matrices A and B are N x M, then C = A4+ B is an N x M matrix such that

Ci,j = Ai,j+Bi,j7 1<i< N, and 1<j3< M. (2)



If matrix A is N x P and matrix B is P x M, then C = AB is an NV x M matrix such that

P
Cij=Y AixgxBij, 1<i<N, and 1<j<M, (3)
k=1

A special class of matrices are N x 1 arrays, called vectors in this report. Usually, the components of a
vector are labelled just by the corresponding row, and the column number is dropped, since there is only
one column. An N x 1 vector is said to have length N. The system of equations 1 above can be written
in a compact vector-matrix notation:

Ax = b (4)

Here, the factors A; ; are the components of N x N matrix A, the factors x; are the components of vector
x of length N, and the b; are the components of vector b of length N.

The system of differential equations used to model the population
dynamics in this report

Equation 1 in the main text can be represented in vector-matrix format. One can think of the P,, as the
components of a vector P which has length N; in a sense, this vector contains the information about the
population. In addition to P, define another vector §(n), also of length N, which has all zero components
except that the nth component is 1. Define NX N matrix D which has all zero components, except that
D;i = —D;i—1 = 1. Then equation 1 in main text becomes

P =s(t)6(1)—ADP (5)

When discussing interactions between populations, the following symbols are convenient: (1) g(z) =
greatest integer in z, (2) ©(x) = 1 if > 0, 0 otherwise, (3) L(P) = Py, the last component, and (4)
T(P) = ZnNZI P, the total population. Note that L and T can be thought as operators that act upon
vector P and return properties of the population.

System of equations for asexual parasite population dynamics

This discussion complements the subsection “Model for asexual parasite population dynamics” in the
Methods section of the main text. As mentioned in the main text, five morphologically distinct popu-
lations of asexual parasite cells where considered: (1) ring stage, (2) early trophozoites, (3) late tropho-
zoites, (4) schizonts, and (5) merozoites. Let RS, ET, LT, and Sc be vectors of the compartments
associated with populations 1-4 respectively. The total intracellular asexual density Asx is then Asxz
=T(RS)+ T(ET)+ T(LT)+ T(Sc). Since population (5), has a duration D,, of just 0.1 hour, just
one compartment was used for it dynamics, with u, and take o, = D,,. Let ¢ be the time since start of
primary release of merozoites from the liver into the blood. Then dynamics of the asexual population are
described by the following set of equations:

RS = (1—-7r0(Asx — Asxs5,))CV 161 — (Xran + Aasz) DRS
where AAsz = NAszDXSlza NAsz = g(DigmUZi)

ET" = Aasz L ( ) (XI'rm + AAsx) DET

LT, = AAsa: (ET> Xlnn + AAS(E) DLT

SC/ = AAsx ( T) (XInn+XScAb+AAsm)DSC
’u/ = Ii@(tPR *t) +pAAsI ( )7 (<V+D1L ) (6)



Here V is the density of vulnerable erythrocytes (reticulocytes only for P. vivaz, all red blood cells for P.
falciparam), ¢ is the binding affinity of merozoites to their target blood cell population, r is the proportion
of new intracellular parasites which are committed to sexual development once Asx exceeds the trigger
level Aszs,, (assumed to be 0.01uL 1), and p is the number of merozoites released per bursting schizont
after asexual division is completed within the schizont. The term k©O(tpgr — t) accounts for primary
release of merozoites from the liver. As explained in the main text, k = 0.002(uL hr)~! and tpr = 1hr so
that 10* merozoites are quickly released into an adult human with blood volume 5 x 106y L. The quantity
XInn is the rate that the model innate response form the host clears the four intracellular stages. For
simplicity, it is assumed for this report that the main antibody response is against the schizont stage
with time-dependent clearance rate Xsch,Ab-

System of equations for population dynamics of sexual forms

This discussion complements the subsection “Model for population dynamics of sexual forms” in the
Methods section of the main text. As mentioned in the main text, two very different models of gametocy-
togenesis, the “cryptic sexual” (CS) model and the “non-cryptic sexual” (non-CS) model were considered.
The equations which govern the dynamics of the CS model are stated. The ring stage, early trophozoites,
late trophozoites, schizonts, and merozoites each have cryptic sexual counterparts. For each simulation,
it was assumed that the values corresponding to DAz, 0asz; Nasz, Dy, p, and ¢ are the same as for
the asexual populations. Let c¢RS, cET, cLT, and cSc be vectors of the compartments associated
with intracellular cryptic sexual stages that correspond to RS, ET, LT, and Sc respectively. Let cu
be the cryptic merozoite density. Let IG be the vector of compartments associated with the immature
gametocytes. As mentioned in the main text, gametocyte duration for P. falciparum was taken as Djqg
= 216hr, o7 = 24hr, and for P. vivax, D;g = 72hr, o7 = 12hr. For simplicity, the mature gametocyte
population were represented with a single compartment, MG, with exponential decay, Dyg = opg =
156hr. It was assumed that the cryptic sexual forms are subject to the same innate clearance rate xjnn
and antibody clearance rate xg¢ 5. The equations that determine the dynamics for the CS model are as
follows:

cRS' = 7rO(Asr — Asrg,)CV pé1 — (Xinn + Aase) DeRS

cET' = Aps L(cRS)61 — (Xinn + Aase) DEET
cLT" = Apse L(cET) 81 — (Xinn + Aase) DeLT
eSc = Ause L(eLT) 81 — (X1nn + XSe.ab + Aasz) DSe
e = pVArscSen,s 7((V+D;1)cu
IG' = (cepV = (XiG,0mn + X16,40 + A1g) DIG
where Ajg = Nig Dl_é,
and Njyg = D%G al_é = 81, for P. falciparum, 36 for P. vivaz
MG = A1gIGN,; — (XMG,1nn + XarG,Ab + Diyje) MG (7)

Here x1G,1nn and X1, ap are the clearance rate of the innate and antibody immune responses, respectively,
upon the immature gametocytes, and Xarq,mn and Xarc,ap are the corresponding rates for the mature
gametocytes. As mentioned in the main text, for a subset of simulations xr¢ rnn = XMG,1nn = 0, (that
is, gametocytes invisible to innate immunity), while for all other simulations, xr¢,rnn = XMG.Inn = XInn-

The equations that determine the dynamics for the Non-CS model are as follows:
IG" = r0O(Asz — Asts,) (Vi — (X16,1nn + X16,46 + Arg) DIG
MG = A LUG) — (X6, mmn + Xmc,ab + Dyje) MG (8)

Here, Aj¢ is defined as in equation 7 above in this supplement file.



System of equations for red blood cell dynamics

This discussion complements the subsection “Model for red blood cell dynamics” in the Methods section
of the main text. Three populations were used to describe the red blood cells: (1) reticulocytes, the
youngest of the erythrocytes, (2) mature red blood cells, and (3) senescent red blood cells ready to be
removed by phagocytosis in the spleen, liver or bone marrow. The vectors of the compartments associated
with populations 1-3 are Re, M a,and Se respectively. Based on hematological studies referenced in the
main text, the respective durations of the stages were Dg. = 36hr (with og. = 6hr),), Dyo = 2796hr
(with opre = 148hr), and Dg. = 48hr (with og. = 12hr). Letting £ be the rate of production of new
reticulocytes from the bone marrow, the dynamics of the red blood cells are described by the following
set of equations:

Re’ = €6, (Crept +Ar.)DRe
Ma' = Agc.L(Re)&1 — (Cyapt +Ara) D Ma
Se’ = ApoL(Ma)dy — (Csepp+ Ase)D Se
where Ar. = NgeDp!, Nge= D% o> = 36,
Arvia = NuaDyly Nua =g(D3g. o) = 356,
and As. = Ns.Dg!, Ns.=g(D% 052)=16. (9)

If the parasite is P. vivaz, (yrqa = (se = 0, (re = ¢ as defined in equation 6 above in this supplemental
file. For P. falciparum, (aprq = (se = (re = ¢ as defined in equation 6 above.

The rate of erythropoiesis, £, has its own dynamics. Let & be the rate that the erythropoietic system
in a healthy human can make new erythrocytes so that the blood density is maintained at 5 x 106ul~1,
(or &~ 1736 (ul hr)~1). Define the total red blood cell density Er = T(Re) + T(Ma) + T(Se). For
conciseness, define AE = & — &. The dynamic model for the erythrocyte source is given by

AE = { —AEs(AE+ Ep +0pys CuV) @ —Ep —0pys CuV < Alyx
/\Es(A(g]\/jx—Ag) : —Eé«—(sDySCMV>A(€MX
where Afyx = 4x& and )\E}g = 48hr. (10)

(Here V is the same as in equation 6 above.) If 6p,s = 0, then the rate of production of reticulocytes
would increase (up to 5 x &) in response to blood loss (Ef < 0). The term dpys ¢ 1V is a simple model
to account for dyserythropoiesis due to the parasites.

System of equations for immune response dynamics

This discussion complements the subsection“Model for immune response dynamics” in the Methods
section of the main text. As stated in the main text, an actuator-attacker model was used for the
immune response: the actuator is triggered when the density of a target is above some threshold, and
the attacker is a factor that attempts to remove the target. The model immune responses incorporated
feed-back for self-amplification then for self-limiting.

In the CS model of gametocytogenesis, dynamics of the host innate immune response are set by

/Inn = FBaFBk (@(,Uf +cp— ,uTh) Arnn Afnn + /\.Ahm Alnn,o) - >\Ahm Arnn
X/I’H,TL = ‘FB)C AAI?L’IL (AIR’I’L - Alnn70) - AXInn Xlnn
where )\;‘}Tm = 1lhr, )\;Ilm = 2hr,

‘/—"B.A = (1 - (-Alnn - Alnn,O) AA[_nlmMr) G(AAInn,MX - Alnn + Alnn,0)7
and -FBIC = (1 — XInn X]_nlmMm) @(Xlnn,Mrc - XInn)- (11)



The self-amplification parameter aryy is taken to have value 10, and the background actuator level Ap,y o
is taken as 0.1ul~!. The FB factors enforce self-limiting feedback. As mentioned in the main text, the
limit on growth of the actuator is set by parameter AAr,, pz = 10pl~t. The limit on growth of the
attacker is set by maximum clearance rate X inn,ag, and was also varied from simulation to simulation.
The threshold density of merozoites that triggers this response is p7p which is also varied from simulation
to simulation. (For the non-CS model simulations, ©(p + cu — pryp) in equation 11 above is replaced with

O(p — prh).)

The model antibody responses incorporate an addition component, the delay stage (as shown in Figure
1 of main text). Let G be the vector consisting of the components of the delay stage, and let Aap rqr
and X 4p,74r be the actuator and attacker phases, respectively, of an antibody response against a targeted
stage T'ar. For the delay stage, its duration was taken as Dg = 96hr with og = 9.6hr. The dynamics
for each of the antibody responses are determined by the following system:

"o Tar = FBaAFBi (O(Tar — Tarry) aas Aabrar + AAa, Aavo) — Ay, AdbTar
G = M, O Aaprar — Aavo) (Aaprar — Aano) 61 — AcDG
X;lb,Tar = JFBk g L(G) - AXAb,TarXAb7Ta7'
where A¢ = NgDg' Ng=Dog” =100, ;' =1hr,
FBa = (1= (Aapzar — Aavo) AAL, arx) OAA ax — Aapar + Aabo),
and FBx = (1—xab7ar X,Z;,TM’MJU) O(XAb,Tar,Mz — XAb,Tar)- (12)

For all antibody responses modeled, the self-amplification parameter a4, = 1, the background actuator
level Age ap0 = 0.1x071, and AApp mx = 10pl~1. Tar is the density of the target of the response, and
Tary, is the threshold density that triggers the response. As mentioned in the main text, all simulations
have an antibody response against schizonts (and crypto-sexual schizonts in the CS model). Some will
have a response against mature gametocytes and some against immature gametocytes. The parameters
prn, and X rpn,me in equation 11, and Taryy, and X Ap, Tar,m2 from equation 12 are varied from simulation
to simulation.

How Antibodies to Immature Gametocytes Affect the Density of
Mature Gametocytes

In the main text it is stated, “Antibodies against immature gametoctyes tend to be more effective in
reducing the density of transmissible gametocytes than antibodies directly against the transmissible
forms.” Although the models of host immune dynamics are complicated (and real immune reactions
are even more complicated), on can understand this result by using a simple calculation: let go be
the number of immature gametocytes created during a burst of parasitemia. Assume that an immune
response would attack this population with a constant removal rate yx until it reaches maturity. Then
the size of this cohort decreases exponentially until maturity is reached. After maturity the population
decays exponentially with time constant Dj;g. The contribution of the cohort to PD ;¢ is

(oo}
0PDye = goexp(— DIGXK)/ exp(—t/Du)dt
0
= goexp(—Diexx)Duc
= gopexp(—9days x xk) x 6.5days for P. falciparum,
= goexp(—3days X xk) X 6.5days for P.vivax. (13)



On the other hand, if the cohort of immature gametocytes are not affected by host immune responses,
but then are exposed to an immune response with a constant killing rate x x after reaching maturity, the
contribution to PD ;¢ is

0PDye = 9o /000 exp(—t X (D]T/Ilg + xx)dt
= go X Duc (1 + Dy X XK)_1
= gp x 6.5days (1 + 6.5days x XK)_l (14)
Thus the ratio r, of dPDp¢a calculated assuming that only immature gametocytes are attacked by an

immune response with killing rate xx to 0 PDy;q calculated assuming that only mature gametocytes are
attacked with a killing rate of the same strength is

T exp(—9daysx k) (1 + 6.5days x XK) for P. falciparum,

= exp(—3daysxk) (1 + 6.5days x XK) for P. vivaz. (15)

Figure S12 shows the value of this ratio as a function of yx for infections with either P. falciparum or P.
vivaz. It can be seen that r, is rapidly suppressed below one as xx grows, especially for P. falciparum
infection. Although the clearance rate of the immune responses of the models discussed in the main text
are not constant, nonetheless one can see that the mature gametocyte population, especially that of P.
falciparum, would be very sensitive to immune pressures on the immature gametocytes.
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Figure S12: Plot of Ratio of Immune Suppression r, versus Immune Clearance Rate yx

Note: a clearance rate of 0.05hr ! corresponds to 1.2day .



Tables

Table S1 - Parameters varied from simulation to simulation

Abbreviations: Sc: schizont, IG: immature gametocyte, MG: mature gametocyte, IG Ab+(-) antibodies
to immature gametocytes present (absent), MG Ab+(-): antibodies to mature gametocytes present

(absent).
Parameter Equation where used Range in values Model Class
log(oasy x hr—1) 6 log(0.3) — log(5.9) All
Dys 10 010 ATl
log(pry x pL) 11 log(10=°) — log(10) All
log(X1nn Mo X hr) 11 log(0.05) — log(50) All
log(Serp x L) 12 log(107°) — log(10) All
log(x ab,5¢,Mz X hT) 12 log(0.05) — log(50) All
Aas o 12 16877 — 8760Ar Al
log(IGTh x pL) 12 log(10~?) — log(10) | IG Ab+, MG Ab-
log(x ab,1G, 02 X hr) 12 log(0.05) — log(50) | IG Ab+, MG Ab-
Aan 10 12 168hr — 8760hr | IG Ab+, MG Ab-
log(MGrp, x uL) 12 log(107°) — log(10) | IG Ab-, MG Ab+
log( X Ab MG pe X hT) 12 log(0.05) — log(50) | IG Ab-, MG Ab+
Ars rre 12 168%r — 8760hr | IG Ab-, MG Ab+




